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Abstract 

The  steady-state  kinematic  dynamo  problem  In 
a  homogeneous  sphere  with  concentric  spherical 
fluid  core  is  considered.   The  existence  of  a  class 
of  solenoidal  dynamos  satisfying  a  no-slip  condi- 
tion on  the  core  boundary  is  proved  by  perturbing 
the  discrete  spectrum  of  a  simpler  self-adjoint 
comparison  problem.   The  dynamos  are  of  the  form 

q  =  q^  ^  +  q^  '    +  q^  ^ '    where  q^^  is  spatially 

-.(21 

periodic,  q'    is  zero  except  in  a  neighborhood  of 

_i(  5  ) 
the  boundary  of  the  core,  and  q      '    is  an  arbitrary 

sufficiently  small  motion. 
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1 .   Introduction. 

In  this  report  we  study  the  steady-state  Induc- 
tion of  an  electromagnetic  field  by  a  fluid  motion 
in  a  spherical  conductor  of  radius  unity  having  a 
concentric  spherical  core  of  radius  a.   The  principal 
result  of  the  investigation  Is  an  explicit  construc- 
tion of  a  class  of  bounded  hydromagnetic  dynamos  of 
the  form 

q   =   -eVxa)v(— )  +  e'w(x)     0  «  x  <  a  (1) 

=  CDV  +  eVtD  X  V  +  e'^^w 

Here  x  =  -[x  L  x  =  IxU  P  is  any  positive  number,  w 
is  an  arbitrary  continuously  dif f erentiable  solenoidal 
field,  independent  of  e  and  satisfying  w  =  0   on  x  =  a, 
V  has  Cartesian  components  (sin  Xp  +  cos  x^, 
sin  x^  +  cos  X-,,  sin  x-,  +  cos  Xp),  and  the  scalar 
function  CD  is  smooth  "cut-off"  function,  given  e.g. 

by 


o)  =<  _i    p(x)    2  (2) 

e  ^  dC,  p(x)  - ;^-T-7 r  ,  a-e<x<a 

(x-a+e) ( a-x) 


1  - 


Specifically,  we  shall  show  that  motions  of  the 
form  (1)  are  dynamos  provided  e  is  sufficiently 
small.   The  field  e  ^v(x/e)  is  also  a  periodic 
dynamo  in  the  sense  of  Part  I,    satisfying  a 
Beltrami  condition  Vxv(x)  =  -v(x).   For  small  e, 
the  term  cdv  in  (1)  essentially  dominates  the  gener- 
ative process  in  the  conductor,  so  that  the  present 
analysis  is  closely  related  to  the  construction  of 
periodic  dynamos  as  discussed  in  I. 

In  particular,  we  find  that  as  e  — >■  0  the 
large  scale  electromagnetic  fields  induced  by  (1) 
tend  uniformly  to  solutions  of  a  certain  self -adjoint 
"comparison"  eigenvalue  problem,  comparison  core 
equations  being  analogous  to  the  partial-differential 
form  of  the  limiting  compatibility  problem  in  the 
periodic  case.   For  a  sphere  the  comparison  problem 
is  easily  solved  and  the  spectrum  of  comparison 
eigenvalues  (which  is  discrete)  contains  a  symmetric 
set  of  real  point  eigenvalues  of  odd  multiplicity 
accumulating  at  the  origin.   Formulated  operationally, 
a  modified  second  iterate  of  the  exact  Induction 


1.   S.  Childress,  "Construction  of  Steady-State 
Hydromagnetic  Dynamos. I.   Spatially-Periodic 
Fields."   (Unpublished),  hereafter  referred  to 
as  I. 
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operator  is  close  (in  an  appropriate  norm)  to  the 
self-adjoint  comparison  operator.   It  is  then 
possible  to  develop  a  perturbation  of  the  comparison 
operator  and  obtain  real  eigenvalues  of  the  exact 
operator  which  are  close  to  one  of  the  square  roots 
of  each  positive  comparison  eigenvalue.   A  second 
class  of  dynamos  and  electromagnetic  eigensolutions , 
associated  with  negative  comparison  eigenvalues,  can 
be  obtained  by  reflection,  since  in  a  sphere  -q(-5^) 
is  a  dynamo  if  q(x)  is  a  dynamo.   For  simplicity  we 
shall  restrict  the  present  discussion  to  the  motions  (1) 

Mathematically,  the  significant  feature  of  the 
analysis  is  the  use  of  a  non-inner  product  ("maximum") 
norm  to  achieve  smallness  of  the  operator  perturba- 
tion.  The  perturbational  analysis  is  then  carried 
out  in  Banach  space.   We  emphasize  this  point  since 

the  topology  most  commonly  utilized  in  dynamo  theory 

2  ^ 
is  the  topology  of  the  Hllbert  space  norm.     For 

the  motions  (1),  the  natural  Hilbert  spaces  appear 

to  be  too  "wide".   A  magnetic  field  which  Is  bounded 

in  the  Inner-product  norm  may  interact  with  a  motion 

of  the  form  (1)  to  Induce  a  magnetic  field  which 

becomes  arbitrarily  large  in  the  same  norm  as  e  — >0. 


2.  W.M.  Elsasser,  Phys .  Rev.  _69,  106  (19^6) 

3.  G.  Backus,  Ann.  Phys.  4,  572  (1958). 
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This  need  not  be  the  case,  however,  on  suitably  small 
Banach  spaces  when  the  norm  includes  the  maximum  value 
of  the  field  and  its  first  derivates  over  the  closure 
of  the  core.   Boundedness  of  the  exact  operator  is 
here  viewed  as  a  desirable,  rather  than  necessary 
property  for  a  perturbational  theory.   (Indeed,  the 
important  issue  is  the  smallness  of  the  perturbational 
operator,  and  in  the  present  problem  these  two  norms 
are  distinct,  cf.  Sections  ^,5*)   Without  a  uniformly 
bounded  exact  operator  the  choice  of  comparison 
operator  (which  then  depends  upon  e)  is  likely  to  be 
considerably  more  difficult. 

The  above  reasoning  can  be  illustrated  by  a 
simple  one  dimensional  model  of  our  basic  induction 
operator.   Let  f(x)  satisfy  N  (f )  <  °°   where  the  Hilbert 
space  norm  is 


N^(f) 


and  consider  the  operator  £   defined  by 


1 
^  '  y 


if   =    e    ^    I   k(x,y)  sin  |  f(y)dy 
0 


with  k(x,y)  independent  of  e  and  positive  and 
continuously  diff erentiable  on  [0,1].   Consider  the 
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function 


0   ^  X  ^  I"  -  \fz,      \  +  \/~z   ^  X  <   1 


X 


sin  —         i  -  v^  <  X   <   ■§■  +  /e~ 


Clearly   if   7   >  1,    N   ( g)    =   0( 1 )    as      e  — >  0.      On   the 


other  hand 


N   (  ^f )    >  C   e'^/^    ,      7   >  0 


for  some  C  >  0  and  e  smaller  than  some  positive  e  ^ 

o 

However,  if  we  adopt  the  maximum  norm 


—        df 
f I  I  1  =  max   I f I  +  e^  max   ' 


.2 
[0,1]  [0,1] 


2     r  ^  -1  T  r  ^  -1  1   dx 


it  is  not  difficult  to  see  that  on  the  corresponding 
Banach  space 

I  Ul  I  =  0(  1)  as  e  -^  0. 

The  physical  basis  of  the  regenerative  cycle 
utilizing  periodic  fields  of  degree  two  has  been 
discussed  in  I.   A  related  idea  is  implicit  in  the 
time-dependent  cycle  proposed  by  Parker.    The  notion 


4.   E.  N.  Parker,  Astrophys.  J.  122,  293  (1955) 
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of  a  "scale  separation"  is  In  fact  rather  common  in 
dynamo  theory.   In  Backus'  time-dependent  dynamo  It 
occurs  as  a  separation  of  the  cycle  Into  well  defined 
periods  of  motion  and  (sufficiently  long)  periods  of 
"stasis".   In  Herzenberg's  two-sphere  steady  state 
dynamo,  the  small  parameter  is  the  ratio  of  sphere 
radius  to  conductor  radius.    The  present  results  may, 
therefore,  be  viewed  as  an  extension  of  such  kinematic 
models  to  essentially  "fluid"  motions  which  cannot  be 
built  up  from  a  finite  collection  of  rigid  rotators. 


2.   Formulation 

We  consider  a  homogeneous  spherical  conductor  of 
radius  unity  having  a  concentric  spherical  core  of 
radius  a  <  1.   For  simplicity  we  assume  that  the 
solid  and  fluid  parts  of  the  conductor  have  the  same 
(constant)  electrical  conductivity,  and  that  the  core 
fluid  is  incompressible.   We  assume  further  that  the 
fluid  moves  with  velocity   A  q(x;s)   where  q  is  given 
by  ( 1 ) ,  (2),  A  being  a  non-zero  eigenparameter .   Our 
object  is  to  prove  that  for  e  sufficiently  small  there 
is  at  least  one  real  eigenvalue  A  such  that  the  magneto- 
hydromagnetlc  induction  equations  have  a  non-trivial 


5.   A.  Herzenberg,  Phil.  Trans.  Roy.  Soc  London  250, 
5^3  (1958) 


-  6 


solution  defined  in  all  space  and  satisfying  the 
required  boundary  and  regularity  conditions.   In 
dimensionless  form  the  equations  are  (h  =  magnetic 
field,  t   =  electric  field,  (Z(  =  electric  potential) 

Vxh  =  'e   +  A~'qxl^                0<x<a                                  (5a) 

Vxh  =  'e  a<x<l                                  (3t)) 

Vxh=0  x>l                                  (3c) 

Vxe*  =   0  (e*  =  V(Zf)                                                           (3d) 

V  •  h  =   0  (3e) 

and  the  boundary  and  regularity  conditions  are 

e  continuous,  h  continuously  dif f erentiable    ikp,] 

if   X  7^  a,l 

h  and  x  x  e  continuous  on  x  =  a,l  ( ^b ) 

limh  =   0,    lime   =   0      asx  — >■  «>  (^c) 

We  begin  our  analysis  of  this  problem  by 
reformulating  (3)>  (^)  as  an  integral  equation.   Let 
S  denote  the  region  x  <  a,  B  the  core  boundary  x  =  a. 
Let  K(x,'C),  E(x,'f')  =  V  0  be  respectively  the  magnetic 
and  electric  fields  caused  by  a  current  distribution 
5(x-^)  where  ^ £  S.   By  the  superposition  principle 
we  then  have  as  the  formal  integral  equation  replacing 
(3),  (^) 
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Lh  -  J  K(x,t)-[q(t,e)xh(t)]c3t  =  Ah(x),  xeS        (5) 
S 

The  corresponding  electric  field  potential  is  given 
by 

0{x)  =  A"^  [0{t,t)-[q{t,e)^h{t)]6t=    A"^  Mh    (6) 

For  the  sphere  an  explicit  construction  of  K  > 
0  can  be  given.  Consider  first  the  electric  field. 
In  S  we  have,  in  component  form, 


<^.-^  '^^' 


a 

Now  (5d)  and  (^b)  imply  that  the  normal  component 
of  the  current  V x  h   vanishes  on  B,  so  that  in  S 
(7a)  must  be  solved  with  the  condition 


^  ->  0  as  X  ^  1  .  (7b) 


Thus,  for  X  <  1 

where  N  is  the  Neumann  function  for  the  unit  sphere: 
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N(x,t) 


?¥ 


1    X     1      ^    1  2 

-    +    -^    +     log    i_^^     C03     g 


T-I|l 


(8b) 


where    (see   Figure   1) 


r=|x-^|       ,      X  •  ^  =  x^   cos 


x^^      -    2x  .  ^   +    1 


We  may  then  extend  0   continuously  into  x  >  1  by  solving 
an  exterior  Dirichlet  problem  with  boundary  values  on 
B  given  by  ( 8) . 

To  find  the  magnetic  field,  let  u  be  an  arbitrary 
unit  vector  and  set 


h  =  h  .  u 
u 


-k-   V  (-)x  u  +  h' 
^TT  X  r        u 


so  that 


V  X  h   = 
X    u 


+  7^  V  V.(-) 
47r  X  |^r_ 


•  u 


e'-  u 


say.   In  a  sphere  the  last  equation  may  be  inverted 
to  give 

1 


h   = 
u 


X  X  E  ( tx,'^)   •  u 


0 


dt  +  V^0^  ,  V^0^  =0    (9) 
0  «  X  <  1 


h   =  V  0„  ,  V  0^  =0    X  >  1 
u    x'^2  x^2 


(10) 
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It  is  then  easily  shown  that  0p  and  0  can  be 
represented  by  a  double-layer  potential  on  B,  the 
distribution  being  determined  by  the  first  term  on 
the  right  of  (9).   This  construction  uniquely 
determines  K  and  E  ,  and  it  follows  from  known 
properties  of  the  potential  that  the  non-singular 
parts  of  these  tensors  are  regular  over  any  closed 
sub-domain  of  x  <  1 ,  e.g.  over  the  closure  of  the 
core. 

In  fact,  from  (9)  the  existence  of  K  ,  £  can  be 
proved  for  any  smooth,  convex  conductor.   For  the 
unit  sphere,  however,  K  has  some  particular  proper- 
ties of  interest.   In  this  case  it  can  be  shown  that 


h'  =  V^x  (3^^)    X  <  1  (11) 


where 


f  =   -u  •  Vg  [log  (1  -X  •  t  +   ^R)]  (12) 


Also 


7^  V   (-)x  u  =  Vf  +  V  V  (xg  )  (13a) 

4Tr  X  r'        u    x    ^u 


where 
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fy  =  u  •  V^  ¥tx  ^°^  (x  -  I  cos  0  +  r)        (13b) 


Su 


xr     \  X  -e  cos  e  +  r/        ^"^^^^ 


It  follows  from  (11)  -  (15)  that  V  x[x(g+^)]  =  0 
when  X  =  1  and  hence  that 


h  =  Vf   +  V  [x(g  +-^)]    X  <  1  (l^a) 

u     u    X  '•   ^u   '^ 


=  Vf  X  >  1  (l^h) 

u 


In  arriving  at  (1^)  we  have  made  essential  use  of 
the  fact  that  for  a  sphere  the  outward  normal  of 
the  boundary  equals  x/x. 

We  next  introduce  the  integral  transformations 

Hh  =  K'h^t     ,      Jh  =  r^-hdv  (15a) 

S  S 

and  the  comparison  eigenvalue  problem 

Hh  =  M-h      \i  f^  0  ( 15b ) 

The  significance  of  (15)  in  relation  to  (1)  and  (5) 

will  be  apparent  later.   We  note  here  that  H  is 

2 
symmetric  (i.e.  self -ad joint )  and  H   is  compact  on 

the  real  Hilbert  space  /V"  of  solenoidal  vector  field 
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n  which  are  square  Integrable  over  the  core,  the 
associated  inner  product  and  norm  being 


f,g)  =  /  f  •  g  dx 
x<a 


hll^=  (h,h)^ 


2 
respectively.   The  compactness  of  H  follows  from 

the  fact  that  the  iterated  transformation  can  be 

expressed  as  a  single  Integral  transformation  having 

a  square-integrable  kernel.    To  prove  the  self- 

adjointness  of  H  we  must  make  strong  use  of  the 

representation  (1^)  of  K  for  the  unit  sphere.   We 

shall  show  that 


(f,Hg)  -  (Hf,|)  (l6a) 

for  all  f^jge^M  Now  by  the  definition  of  H,  h  =  Hf 
is  defined  in  all  space  and  satisfies 


(   VJf -f  f         X  <  a 
<    VJf         a  <  X 
1^  0  1  <  X 


V  X  h  =  <  VJf         a  <  X  <  1 


6.   A.  E.  Taylor,  Introduction  to  Functional  Analysis 
( John  Wiley  and  Sons,  Inc.  195^)?  Chapter  5- 
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Therefore 

y  VX  h  •  Hgdx  =  /  VJ?.  Hgdj^  +  (f  ,Hg) 
all  space        x<l 

Using  now  the  vector  identity  B-VxA  =  t'\/xB  +   V'(AXB), 
the  continuity  of  Hf",  Hg  and  obvious  estimates  for 
large  x  following  (15),  integration  by  parts  gives 


/  Vxh-Hgdx  =  /  h,VJgdx  +  (Hf,g) 
all  space        x<l 


Combining  the  last  two  equations  we  obtai 


n 


(f,Hg)  -  (Hf,g)  =  J    [VJg-  Hf  -  VJf  •  H^dx     (l6b) 

x<l 

On  the  other  hand,  from  (1^)  we  observe  that  there  are 
scalar  fields  P, G,  with  V^F  =  0,  such  that 


J   VJg  •  Hf dx  =  /  VJg  •  VFdx  +  /  VJg  •  V  X  Gx  dx 
x<l  x<l  x<l 


But,  since  V  Jg  =  -v  •  g  =  0  for  x  <  a  and 
X  •  VJg  =  -X  •  ( V  X  Hg )  =  0  on  X  =  1  we  have 


/  VJg  •  VPdx  =  /  p  X  •  VJg  ds  =  0 
x<l  x=l 


-  15  - 


Also 


/  V  Jg  •  V  K   Gxdx  =  /  Jg  ( V  X  Gx )  •  X  ds  =  0 

x=l 

Thus  the  right-hand  side  of  (l6b)  vanishes,  which 
proves  ( l6a  )  . 

In  this  report  we  are  not  going  to  develop  the 
perturbatlonal  theory  In  the  Hllbert  space  topology, 
for  reasons  discussed   In  Section  1.   We  shall 

definitely  use  the  self-adJolnt  property  of  H,  and 

2 
at  one  point  the  compactness  of  H   ( cf .  Section  3), 

but  the  principal  linear  space  we  want  to  consider 

Is  not  an  Inner  product  space. 

We  Introduce  the  space  C  =  C  (S)  of  vector 
fields  whose  first  derivatives  are  continuous  In  the 
closure  of  the  core,  S".  Because  of  the  occurence  of 
the  parameter  e  In  (1),  (2),  we  will  be  Interested 
In  allowing  a  parameter  dependence  on  e  In  both  the 
vector  fields  In  C   and  the  operators  on  c  • 

To  make  C   Into  a  Banach  space  we  Introduce  the 
family  of  norms  ( 7-norms ) 


W|  I   =  1  lw|  1  +  e-^  I  Ivwl  I    0  <  7  ^  1 


where  for  any  tensor  W  =  ^W  q. 
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W| 1  =   max 

a,p, ...  ,7 


max  1 Wap. . . 7I 


^  ^ 


We  shall  utilize  the  standard  0  and  o  symbols  to 
express  boundedness  or  smallness  as  e  — >o.   if 
f(e)  is  continuous  in  a  neighborhood  of  e  =  0, 
||h||   .^  C  lf(e)|  for  some  positive  constant 
uniformly  in  some  interval  (e  -interval)  of  the 
form  0<e^e,e   >0.   Similarly  ] ] h| |   =  o(f ) 
will  mean  that  for  any  5  >  0  there  is  an  e  -interval 
where  ||h||  <  5|f(e)|  uniformly. 

Given  an  operator  T( e)  on   C  ,  we  say  that  T 
is  bounded  (for  fixed  e)  if  there  is  a  number  m 
such  that  I  |Th|  I   «  m  |  [h]  1   for  all  heC"^.   The  least 
upper  bound  on  the  set  of  all  such  m  is  called  the 
7-norm  of  T  and  is  denoted  by  |  JTJ  |  .   We  shall  say 
that  T  is  uniformly  bounded  if  | |Ti  |   =  0(1)  as 
e  — ?  0,  and  that  T  is  uniformly  small  if  |1t|1=o(1) 
as  e  — *  0  . 

We  prove  next  that  L  defined  by  (5)  is  bounded 
on  C  ,  and  that  H  defined  by  (15a)  is  uniformly 
compact  on  C  .   (Therefore  H  is  bounded,  and  hence 
uniformly  bounded  on  C  . )   In  Section  4  we  shall 
show  in  addition  that  L  is  uniformly  bounded  on  C 
when  7  =  i  defines  the  norm.   To  show  that  L  is 
bounded  pointwise  in  e  in  any  7  norm  we  observe  that 
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s  s  s 

after  Integration  by  parts,  using  q  =  0  on  B.   Here 
F  denotes  the  regular  part  of  K  .   Since  qeC   and 
h£C"'"by  hypothesis,  the  first  term  on  the  right  can 
be  differentiated  and  the  result  is  continuous  in  S. 
Since  F  is  regular  in  x  the  conclusion  follows.   A 
similar  argument  can  be  applied,  Incidentally,  to  M. 

To  prove  the  uniform  compactness  of  H  it  is 
sufficient  to  show  that  H  maps  a  uniformly  bounded 
sequence  fe^i  =  1,2,...,  l|hil|   <  MJ  in  C   into 
an  equicontinuous  family  in  C  .   To  see  that  this  can 
be  done  write,  as  before, 

S  B  S 

If  we  differentiate  Hh^  with  h  C  ,  we  see  that  the 
result  can  be  expressed  as  the  sum  of  the  derivative 
of  a  volume  potential  of  a  bounded  and  Integrable 
distribution,  a  single-layer  potential  with  a  distri- 
bution having  integrable  first  derivatives,  and  a  part 
which  is  regular.   These  properties  are  sufficient 
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to  guarantee  uniform  continuity  in  S,  and  an  estimate 
of  the  form 


I  |Hh(x+y)  -  Hh(x)l  1^  *  5  1  I  hi  I ^ 


7 

for  any  5,  provided  y  is  sufficiently  small.    This 
proves  the  equicontlnuity  of  ■(_  Hh^  ,  i  =  1,2,...  j  . 

The  above  results  tell  us,  first  of  all,  that 
H  has  a  real  discrete  spectrum  whose  only  possible 
point  of  accumulation  is  the  origin  |j,  =  0.   By 
reflection  it  is  easy  to  show  that  h(-x)  is  an  eigen- 
function  of  H  associated  with  the  eigenvalue  -[i 
whenever  h(x)  is  an  eigenfunction  associated  with  \i. 
Thus  the  spectrum  of  H  is  also  symmetric.   (As  re- 
marked in  Section  1,  we  are  here  concerned  only  with 
the  positive  spectrum. )   Clearly  any  eigenfunction 
of  H  acting  on  C   is  also  an  eigenfunction  of  H 
acting  on  ?/■■   Conversely,  if  h  is  an  eigenfunction 
of  H  acting  on  ^,  there  is  a  natural  extension  of  h 
to  the  region  x  >  1,  defined  by 


h  =  ^i   Hh 


7.   See  e.g.  H.  Jeffreys  and  B.S.  Jeffreys,  ^4a thematical 
Physics  (Cambridge  University  Press,  195^),  Chapter  6. 
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where  \i   is  the  associated  eigenvalue.   It  is  not 
difficult  to  show  by  the  methods  used  above  and  the 
properties  of  K  that  this  extension  is  continuously 

dif f erentlable  at  each  point  in  x  <  1,  and  hence 

1  1 

that  heC  .   In  particular  any  heC   can  be  represented 

by  an  eigenfunction  expansion,  in  the  elgenfunctions 

2 
of  H  ,  whose  first  derivatives  converge  absolutely 

and  uniformly  in  S.   A  complete  set  of  elgenfunctions 

of  H  in  '?f  will  be  exhibited  in  Section  6. 

We  summarize  the  results  of  this  Section  in 

Lemma  1 :   The  transformations  L,  M,  H,  J  and  the 

kernels  E,K  have  the  following  properties  (i)   The 

decompositions 

hold,  where  r    and  6  are  regular  functions  of  x,"C 
in  S.  (ii)  H  is  self-adjoint  on^  and  compact  on 
Q-'-CS),  and  H^  is  compact  on'H'.    (iii)   If  h,0£C''- 
solves  Lh  =  Ah,  Mh  =  A0  then  h,0  is  a  solution  of 
(3),  (^)-   If  h, 0  8  0-^  solves  Hh  =  M-h,  Jh  =  \xj6   then 
h,0  is  a  solution  of  (3)>  (^)  provided  m-"   h 
replaces  A   q  x h  in  (3a)- 
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3-   The  Perturbation  Problem.   Main  Results. 

In  the  present  Section  we  shall  assume  that  H  pos- 
sesses a  positive  isolated  point  eigenvalue  n  of  odd 
multiplicity  m.   We  shall  make  use  of  the  following 
essential  result,  which  will  be  proved  in  Sections  ^ 
and  5:   Theorem  1.   With  L,H  defined  as  above,  there  is 
a  one  parameter  family  of  operators  H(c)  =  LL( c )  such 
that  for  any  cj^O  ||H-H||=ofl)  as  e— >0  for  every 
y  satisfying  ?  <  7  <  1 . 

On  this  basis  we  now  investigate  for  fixed  c  ;^  0 
the  perturbation  of  |j,  caused  by  the  addition  of  the 
"small"  operator  V  =  H  -  H.   If  (H-v)"-"-  exists  we  may 
write 

Hh  -  (H+  V)h  =  vh 

in  a  form  analogous  to  the  operational  form  utilized 
in  Part  I,  namely 

h=  (H-v)~^  Vh  =  Th 

Suppose  now  that{f^,  i  =  l,2,...,m]  is  the  set  of 
linearly  independent  eigenfunctions  of  H  in  C^  associated 
with  M,.   Since  this  sequence  is  square-integrable  over 
S  we  may  assume  that 
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J  r^  di  =  1  ,     1  -  i,2,...,m  ,  J  f^'f.  ai  =  0  ,     i  7^  j 
s  s 


and  define  the  projection  operators  on  C 


P^h  =  (  Tft  .  h  dl*)?^   ,   xeS 


S 


m 


As  in  I,  we  look  for  a  solution  of  h  =  Th  of  the 
form 

g  =  (I-  T)"^  f" 

where 

T  =  T  -  PT 

and  now 

m 


f  =  S  a .  (  e )  f . 

1=1  -^  1 


where  the  a(e)  are  undetermined  functions  of  e  presumably- 
defined  on  some  e  -Interval,  0  ^  e  =^  e   >  0.   For  com- 
patibility we  must  now  satisfy  the  system  of  m  equations 


a^I*^  =  P^T  (I  -T)  ^  ?  ,  1  =  l,2,...,m      (l8) 
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or,  multiplying  through  by  H  -  v  and  taking  coefficients 


m 

(m.  -  v)a.  =   2  A.  .a  (19) 

1   ^^-^   ij  m 

where 


Aij.  =/f,.[V(I-T)-^  f.]dt 


Now  for  any  positive  e  for  which  (I-  T)    exists,  (19) 
will  have  a  non-trivial  solution  \ol.,    1  =  1,2,  ...,mT 
if  and  only  if 


De 


t  {(v-n)5^   +  A^  ]=  {v-\i)^  +   ^(v,n,e)  =  0       (20) 


Furthermore,  since  m  is  odd,  if  there  is  an  interval 
I(|j.)  =  [|a,-5>0,  i-L+5]  such  that  for   e  small  f   is 
continuous  and  arbitrarily  small  in  I,  then  (20)  must 

have  at  least  one  real  root  in  Km.),  and  this  root 

2 
provides  a  positive  eigenvalue  of  L  • 

To  justify  these  formal  steps,  we  must  show  that 

(I  -•?)    exists  and  that  the  necessary  conditions  on 

f   are  satisfied  if  e  is  sufficiently  small.   Let  us 

first  choose  5,  with  fo.  -  5  >  0,  so  that  if  veA  =  [|a-5,  M-+5] 

o 

and  V  7^  M-  then  v  is  not  in  the  spectrum  of  H  and  v 

2 

is  not  in  the  spectrum  of  H  .   Consider  then 
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Th=  (I-P)(H-v)  ^  Vh 

=  (I  -P)(H^-  V^)'^  (H  +v)Vh 


when  veA,  v  j^  \i.      We  first  observe  that  if  heC   then 
so  is  {H  +  v)Vh  so  that  the  extension  of  the  latter  to 
X  <  1  can  be  represented  by  an  expansion  in  the  eigen- 
functions  of  H  ,  with  first  derivatives  converging 

absolutely  and  uniformly  in  S.   Suppose  that  f  is  an 

2  2 

elgenfunction  of  H  associated  with  the  eigenvalue  \i   , 

then  (H-[i)(H+M-)f  =  Oand  either  (H  +  (x)f  =  0  or  else 

(H+M,)f  is  an  elgenfunction  of  H  associated  with  [i   and 

therefore  (I-  P)(H  +  |j,)f  =  0.   Thus  if  d  is  the  minimum 

2 
distance  between  A  and  an  eigenvalue  of  H  we  have  for 

V  7^  ^ 

I  |(I-P)(H^-V^)"^  (H+v)Vh|  1^  <  I  I  |(H+V)V|  1^  I  Ihl  1^ 

<  I  [1|h||^+h+5]  IIvII^  l|h|  1^ 


Since  the  last  estimate  is  independent  of  v  we  let 

V  — >  \x   and  obtain  an  estimate  on  T  which  is  uniform 

in  A.   If  now  y   is  chosen  in  accordance  with  Theorem  1, 

for  this  value  (I-T)    exists  if  e  is  sufficiently  small 

In  a  similar  way  we  may  show  that  in  the  same 
7-norm  |^|  can  be  made  arbitrarily  small  on  A.   Indeed, 
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this  follows  immediately  from  the  fact  that 


Aljl  <|.  II?JI,II?.|1,11V(I-T)-^|1^ 


Finally,  we  must  show  that  in  some  e  -interval  f   is 
a  continuous  function  of  v  uniformly  on  A.   But  this 
follows  from  the  fact  that  (I-T)~  may  be  differen- 
tiated with  respect  to  v  if  e  is  sufficiently  small. 
Indeed 


4  (I-T)-^  =  (I-  T)-2  (I-  P)  ^l^l\   V 


and  the  7-norm  of  this  operator  may  again  be  made 
arbitrarily  small.   It  can  then  be  shown  as  before 
that 


dv  ""ij 


is  uniformly  small  on  A  and  consequently  that  tf/   is 
uniformly  continuous  there. 

By  using  Theorem  1  we  have  therefore  proved 
Theorem  2:   If  H  has  a  positive  eigenvalue  of  odd 
multiplicity,  then  for  each  c  f^  0  the  operator  H(c) 
has  a  corresponding  positive  eigenvalue  v.   Moreover 
(  V  -  M.)  — »  0  as  £  — »  0.   We  remark  that  if  the  multiplicity 
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of  the  unperturbed  eigenvalue  is  even  (which  may  well 

occur  in  conductors  which  are  not  Invariant  under 

arbitrary  rotations  about  a  point)  the  possibility 

exists  that  under  the  perturbation  the  eigenvalue  splits 

into  complex  conjugate  pairs,  so  that  our  method  of  proof 

cannot  be  expected  to  apply.   Indeed,  the  present  methods 

have  aimed  only  at  the  existence  of  the  eigenvalue.   A 

more  detailed  analysis  of  the  solutions  of  (19)  would 

be  needed  in  order  to  establish  properties  of  the 

perturbed  eigenf unction.   For  example,  it  is  not  yet 

known  whether  or  not  the  perturbed  eigenf unction  is 

uniformly  continuous  in  e  as  e  — »  0. 

Our  main  result  for  L  is  a  simple  corollary  to 

Theorem  3  '•      Let  v(c),  h(c)  be  respectively  the  real 

eigenvalue  and  an  associated  eigenf unction  for  H(c)  as 

c  ranges  over  A.   Then  there  is  a  point  v  eA  such  that, 
o  ^       o 

_s    _»     -^    _»     2  — ^      — * 
if  h  =  h(v  )  H(v  )h  =  L  h  =  v  h  .   This  property  of 
o o      0   0 u o  o         t^   >-    J 

H,  which  is  proved  in  Section  5^  implies  that 

(L  -  vA^  )  (L+ v/v"  )h(  V  )  =  0,  so  that  one  of  the  two  numbers 

+_  \/v~   is  the  desired  real  eigenvalue  of  L. 


4 .   Preliminary  Estimates. 

In  the  present  Section  we  derive  some  preliminary 

2 
estimates  on  L  and  L   -  H  which  provide  a  framework  for 

the  proof  of  Theorem  1.   We  shall  briefly  relax  our 

restriction  on  q  to  motions  of  the  form  (1)  in  order  to 
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exhibit  some  more  general  properties  of  L.   In 
particular,  let  us  alter  (1)  by  allowing  the  v(x) 
to  be  any  periodic  Beltrami  field  of  even  degree  >  2. 
For  this  more  general  class  of  q,  the  orders  of 
magnitude  associated  with  the  action  of  L  on  C  can 
be  studied  qualitatively  if  one  assumes  the  effect 
of  the  periodic  part  to  be  dominant  and  argues  from 
the  results  of  I.   For  spatially-periodic  motion  in 
an  Infinite  conductor,  the  operator  T  introduced  in  I 
acts  on  a  vector  in  C  which  is  independent  of  £ 
(i.e.  "slowly-varying"),  with  maximum  amplitude  1, 
to  produce  a  field  which  varies  on  a  scale  of  order 

e  (i.e.  is  "rapidly-varying")  and  has  maximum  amplitude 

1/t  1/t  -  1 

0(£  ^'').      The  gradient  of  the  latter  is  thus  0(6"^    )• 

If,  however,  T  operates  on  a  field  of  order  unity  which 

varies  on  a  scale  of  order  e,  the  result  will  in 

general    consist   of   two  parts,    a    "slowly-varying"    term 

Vj-  1 

of  order  e       and  a  "rapidly  varying"  term  of  order 
e    .   We  may  express  these  estimates  in  a  different 
way  by  writing  for  arbitrary  heC 


I  |Th|  I  -  0(e   -^  1  lh|  I)  +  0(e   "^  I  I  Vh  ]  ]  )       (21a) 
VTh|  I  =  0(e   ^      I  |hl  1  )  +  0(e   '^  I  i  Vh  I  I  )     (21b) 
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Suppose  now  that,  using  (21),  we  attempt  to  find  a 
7-norm  which  makes  T  uniformly  bounded  on  C  .   It  Is 
easily  seen  that  we  must  have 


0(e  /'^  I  |hl  1  )  +  0(6      '  1  |h|  I  )  +  0(e  ' '^    \   |  Vh  1  |  ) 

+  0(e^  ^   /J  I  |Vh|  1  )  =  0(  I  |h|  1^ 


so  that  necessarily   1  -  /^  ^   y  <     /j.   Thus  J  =  2  and 
7  =  /2.   We  thus  deduce  that  uniform  boundedness  of  T 
In  some  7-norm  Is  a  constraint  which  restricts  the  motions 
to  fields  of  degree  2,  even  though  periodic  dynamos  exist 
in  principle  for  arbitrary  even  degree. 

Thus  result,  although  somewhat  surprising  in  view 
of  the  results  of  I,  is  not  altogether  unexpected.   In 
general  the  results  that  can  be  derived  by  the  methods 
of  functional  analysis  depend  strongly  upon  the  norm 
used,  and  in  our  case  it  appears  that  the  7-norms  are 
closely  associated  with  the  degree  two  periodic  fields. 
Presumably  a  different  choice  of  norm  will  allow  a 
larger  class.   For  example,  it  may  be  necessary  to  go 
into  one  of  the  spaces  C"^,  j  >  1  in  order  to  treat  fields 
with  J  >  2. 

Results  analogous  to  (21)  can  be  given  for  L  on 
C  (S):   Lemma  1 :  If  heC  and  if  v  has  degree  J  in  (1) 
then 
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I  |Lh|  1  =  0(e  /"^  log  e  |  |h|  |)+  0(6^  I  |hl  1  )  +  0(  e  ^"^  I  |Vh|  |)     (22a 
I  |VLh|  I  =  0(e  /"^     I  |hl  I  )  +  0(e  /"^  log  e  I  lVh|  I  )        (22b 

Apart  from  the  weak  log  e  factor  s,  when  P  =   /2,  (21)  and 
(22)  are  identical,  and  it  is  easily  checked  that  L  is 
uniformly  bounded  in  the  7-norm  if  J  =  2,  7  =   /2,  p  :»  0. 
We  shall  restrict  our  proof  of  (22)  to  the  particular  case 
J  =  2,  and  return  now  to  the  particular  motions  (1),  (2). 

We  begin  by  dividing  the  domain  of  integration  into 
two  parts 


Lh  =  jK-q^h   dt  +  JK'  (q  xh)d^  =  1-^  +  1, 


(23) 


H 


say,  where  S   (a  >  0)  is  the  sphere  of  radius  e  and  center 
at  some  point  xeS,  s'  =  sJls,  S"^  =  S  -  S-!  ( cf .  Figure  2 
with  a  =  1).   Next,  we  split  I,  into  two  parts  according 
to  (15a): 

^l   =  W¥    J  "^xr"^^^"  ^^^"^  "^  j^F-  (q^h)dt  =  I^^  +  1^2 

— '  -»        -  1/2 

By  (1),  (2)  and  the  hypothesis  on  w  we  have  ||q||  =  0(  e   ^     ), 

and  since  F  is  regular  in  S  we  obtain 
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Illl  I     =   0(6^/"^    I  |h|  I  )  (24) 


I12II'  IIVI12II  =  o(s^^^  11"N)        (25) 


In  deriving  (2513),  and  in  the  remainder  of  this  Section 
we  always  keep  the  boundary  of  S  fixed  in  forming 
differentials . 

To  estimate  VI  .,  we  again  write 


^  1   rvx(qxh)   I  ^  1   Mqxh)xn  ^^ 
'11   4¥,/      r      ^   47r  J      r 


and  obtain 


VI^^I  I  =  0(£"^/^  I  |h|  1  )  +  0(e^/^  1  |Vhl  1  )     (26) 


Now  consider  the  volume  Integral  !„.   Using  (1) 
and  the  vector  identity 

(VxA)><B  =  -(Vx:b)hA  +  A-VB  +  b'-VI'-  V(A-B) 

we  may  integrate  by  parts  to  obtain 
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lo  =    e^    /K  '  (wxh)d"^     e    /   cdK  •  [v(h-n)  +  h(  v-n)  -  rf(  v-h)  ]ds 
-    e    /   (DK'[vx(Vxh)    -   V   V-h] 
+   e    /'cd[(v  •  V  K  )  •  h  +  (h-vK)  .v]d? 


+   e    /  K'h(v  •  Va))dl'  =   2  Ip. 

s'  "•  ^ 


Now  since  any  component  of  K   and  vK  have  absolute 

-2       -3 
bounds  of  the  form  Cr   and  Cr   respectively  we 

have  clearly 


I2  J  I  =  0(e^  I  I  hi  I  )  (27a) 

I22I  I  =  0(e^/^  1  |hl  I  )  (27b) 

I23I  I  =  0(e^/2  I  |Vh|  1  )  (27c) 

Igi^l  I  =  0(e^/^  log  6  1  |h|  I  )  (27d) 


and,  using  (2), 


I25I I  =  0(e^/^  llhll)  (27c) 


Ponning  the  gradients,  we  also  obtain  easily 


VI^-^I  I  =  0(e^  log  e  1  |h|  1  )  (28a) 

VI22I I  =  0(e"^/^  1 |h| I )  (28b) 
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VI^^II  =  0(£-^/^  log  e  llVhIl)  (28c) 

Vl^i^l  I  =  0(e'^/^  I  lh|  I  )  (28d) 


VI25 


0(£^/^  log  e  1 |hl 1 )  (28c) 


2 
We  next  turn  to  an  estimate  on  L   -  H.   Lemma  2 : 

Let  q  be  given  by  (1),  (2).   Then  If  heC  and  If  a   is 

any  number  satisfying   /^  <  a  <  1  then  we  have  the 

estimate 


L^h  -  Hh|  I  =  0(e^"''  llhll  )  +  0(6^^  I  |h1l) 

+  0(8^""^  I |Vh| I )  (29) 


To  obtain  (29),  we  begin  by  dividing  the  integral  as 
before,  now  choosing  a  in  the  definition  of  S   to  lie 
between  5/4  and  1.   We  indicate  this  change  by  adding 

the  superscript  (a)  to  the  various  sub-integrals.   The 

( a ) 
estimates  for  |  1  iX-,  I  I  carry  over,  as  do  (28a),  (28c), 

and  ( 28e ) .   However  (28b)  and  (28d)  may  be  replaced 
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For  the  integrals  over  s'  we  now  have 


a 


1 


I 


i?^l|    =   0(e^-    /^llhll)  (31a) 


11 


ll^^ll,    IIVI^^^U    =   0(e5«-'/2  Mhll)  (31b) 

VI^^^II    =   0(e«-^/2  llhlD  +  Ole^'-'/^  Mvhll)         (32) 


Applying  now   (22a)    (with   J  =   2)    and   using 
(27),    (28a),    (28c),    (28e),    (30)   we   obtain 

I|l4"^^I1    =   0(6^-°^    |lhll)  +  0(e^^    Mhll) 

+  0(e   log   e    1 IVhl 1 )  (33) 

Using   (31b),    we   also  have 


11l4^^11  =  0(6^°^  log  £  Mhll)       (3^) 

(a) 
Lastly,  we  consider  LI'    and  utilize  the 

following  vector  mean-value  theorem:   If  heC  then 


h"(t)  =  h(x)  +  r  •  Vh(x^) 


for  some  x  in  S  on  the  line  joining  x   and  T.   Making 

(a) 
this  substitution  in  I-j -.   we  obtain 
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AV    =  Iff     f'x  F   X[q(t)xh(x)]clt 


K 


*W    /  v^  jrx[f(?)xr  .Vh(x^)]dt 


^a 


(a)         ^(a) 
-^111  112 


Now  lll^^^ll  =  0(6^"  "^^  llVhIl)  and  therefore 


LI^^^ll  =  0(e2«-l|iVhll)  (35) 


Turning  now  to  l|-^^  =  Q(q)  we  note  that 


Q(w)l|  =  0{e"  I  |hl  1) 


So  that 


8^  l|LQ{w)|l  =   0(8°^^  P  -^/^  ||h|l)  (36) 

where  the  right-hand  side  is  0(8    1 |hl ]  If 

0  <  P  <:  V^  and  Is  0(8-^"  "  1  Ihl  1  )  If  P  >  ^A  •  Also 

from  (2)  we  deduce  that 

1  lQ(eVa)xv)|  1  -  0(8°^"  ^^  1  lh|  1  ) 
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Furthermore   Q(eV(X)Xv)    =   0  when   the   distance   from 
X   to  B  exceeds    e  +   e    •      Hence 


LQ(sVoDxv)l  1    ^0(6^°^"^    Uhl  I  )  (37) 


2 
The  contribution  to  L   of  order  unity  Is  obtained 


from  LQ(  tov  ) .   Now 


and 


Q(a)v)  =  Q(e^/^v)  -  Q(  {  e"  "^^^ -cd)v) 


LQ(e-^/2  _  ^)-^||  =  e^^  llhll  =  0(e^-^  llhll)    (38) 


if  a  >  3/4.   Also  s'  will  be  a  sphere  of  radius  e 

— ^  ex 

except  when  x  lies  within  a  distance  s  from  B. 

Thus  the  error  that  is  made  in  the  computation  of 

LQ(v)  by  assuming  that  s'  is  a  sphere  is  at  most 

0( e      I |h| |) and  can  be  absorbed  into  the  right-hand 

side  of  (37)-   Consider  then 

I  =  e"^v(x)X^   _^x  [vCx+'p)  X  h(x)]d'p 

-^     a   P 
p<e 

=    e"^  J-[[p.h(x)][v(x)xv(x+p)]  -  [p-v(x+p)][v(x)Ah(x)]]^ 

a  P 

p<e 
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It  is  not  difficult  to  see,  from  the  fact  that  v 
is  solenoidal,  that  the  second  term  in  the  braces 
gives  no  contribution  to  the  integral.   Carrying 
out  the  integration  of  the  first  term,  we  obtain 


I^  =  h  -  Ti(s)h  +  R  (39) 


where 


I     \  1-a.    a-1  /i,^x 

ri(  e)  =  e     sin  e  (40) 


and  R  is  a  linear  combination  of  terms  of  the 
form 


_    _    sin  ( ) 

i  h  (x)  <(      J^        }       ,    k  ^  0 

^   P  ,k-x^ 

^cos  (-^) 


Now  it  is  a  simple  matter  to  show,  by  retracing  the 
proof  of  (22a)  that 


LR|  I  =  0(e  /^  ^  ^  I  |h|  I  )  +  0(e|  |Vh|  |  )      (ifl) 


Combining  (33)  -  (4l)  we  obtain  (29) 


-  5^ 


5-      The  Modified  Operator. 

It  follows  that  for  any  7  satisfying  /2  <  7  <  1 
there  is  a  corresponding  a  such  that  (29)  Implies 


L^h  -  Hh| I  =0(1 lh| 1^) 


We  now  ask  whether  or  not  the  estimates  given  in 
Section  4  allow  the  stronger  statement 


IlL^h  -  Hhll^  =  o(llhll^)  {k2) 


for  some  7  satisfying  1/2  <  7  <  1.   That  this  is  not 
the  case  can  be  shown  by  considering   | | VLli^  | | .   We 
recall  that 


■^iV    "  "^  /  "^K  [vx  (Vxh)  -  vV-hJdt  (^3) 


S' 


Using  (27c)  and  (28c)  with  J  =  2  In  (22b)  we  obtain 
only 


|vl4^^||  =  o(llvhll) 


which  does  not  allow  (42). 
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To  remedy  this  situation  we  Introduce  an 
Intermediate  modified  operator  L  obtained  as  follows 

Dividing  the  expression  for  Lh  Into  sublntegrals 

( a ) 
about  S'  as  In  Section  ^,    we  alter  11^'   by  assuming 

that  h*  satisfies  Lh  =  h.   In  that  case 


V-h  =  0     V^h  =  VMh  +  q  X  h 


(a) 
and  Ipp   ^^  changed  to 


I^^)(h)    =    -e    /  cDK-[vxVMh   +  vx(qxh)]dt  (^^) 

S' 


¥e  now  define  the  modified  operator  L  by 


Lh  =  I^^^h)  +I4?^h)  +  I^^^h)  (45) 

1       i^3  21        ^^ 


It  should  be  noted  that  (45)  defines   a  family  of 
operators  L(a).   However  the  dependence  on  a  will 
eventually  be  surpressed  since  It  will  be  fixed 
along  with  7. 

Consider  now  I IvLLI 1 .   Prom  (44)  we  have 


4^^  I  =  0(e^/2  I  IVMhIl  )  +  0(1  |h|  I)  (46) 
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Using  now  the  fact  that  0  and  K  have  singularities 
of  the  same  order  at  x  =  T  it  follows  from  the  proof 
of  (22b)  that 

I  |VMh|  1  =  0{e~^^^   I  I  hi  I)  +  0(e^/^  log  e  1  |  Vh  1  |  )      (4?) 

Combining  (46)  and  (4?)  we  have 

I  1123^1  I  =  0(1  lh|  1)+  0(e  log  e  |  |  Vh  |  |)  (48) 


For    llvii^'ll    we   now   obtain 


VI^^^I  I    =  Odog   e    1  |h|  1)  4-  O(e(log   e)^    |  lVh|  |  )        (49) 


Using   (48)    and    (49)    In    (22),    It   then  follows    that 


LI 


l^^'W    =  0(  e^/^  log   e    I  I  h|  I  )    +  0(  e^   log   e    I  |hl  I  ) 


23 


+  0(  e^dog   e)^    I  |Vh|  |  )    +  0(  e^"*"^    log   e    ]  Ivh|  |  )        (5 


VLI^^^I  I    -  0(e"/^   I  |h|  1  )    +  0(e  ^^  log   e    |  |Vh|  |  )  (51) 


Moreover,  from  (27),  (28),  (31b)  and  (22b)  we  obtai 


n 


VLdJ,"')    -   A^h\  I    =  odog   e    I  |h|  I)  (52) 


•23 


VLI^^^M    =  0(e5°'-l    llhll)  (53) 
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Our  final  estimate  is  on  |  |  Ll[jM  1  •   Here  it  is 
sufficient  to  use  (31a)  and  (32)  in  ( 22"b ) ,  giving 


VLlj_"^II  =  0(6^^  ^  log  e|  |h|  l)-»'0(e°'  log  e|  |Vhl  1)     (5^) 


Thus,  from  (45)  -  (^9)  we  deduce  that 


^1  1^  =  0(||h|  1^)  ,   V2<  7<1  (55) 


and,  combining  (29)  with  (50)  -  ( 5^ ) .  that 


LEh-Hhl  1  =  [0(e^  '^)+0(e^  log  e) 

-f  0(e^-^)-.0(e2°^-^^^)]|lh||^  ,   V2<7<1     (56) 


Prom  (56)  it  follows  that  if  P  >  0  and  7,0  satisfy 
1/2  <  7  <  2a  -  1,  ^/h     <  a  <  1,  that  the  right-hand 
side  is  0(e^| |hl I  )  for  some  s  >  0.   In  particular 
this  latter  estimate  holds  for  any  7  satisfying 
1/2  <  7  <  1. 

We  now  define  the  family  of  modified  operators 
L(c)  for  c  /  0  by  the  implicit  equation 

L(c)h  =  l/^^h)  +  S   4«)(h)  +  l4?^Lh)         (57) 
1        ^ /^  d±  c   o 
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Prom  (50),  (51),  and  (55)  we  have 


Lh||^<0(l|h||^)  +  0(e^"^2  IlLhll^).   V2<7<1      (58) 


and  (58)  shows  that  L  exists  (e.g.  it  can  be  defined 
as  the  limit  of  a  sequence  of  Iterated  solutions  of 
(57))  and  is  a  uniformly  bounded  operator  on  C  pro- 
vided 1/2  <  7  <  1.   Defining 

H(c)  =  LL(c) 

and  using   (57)    and    (58)    we   obtain 


fi-Hll^  =   O(llLE-Hll^),       c   ^   0,    1/2    <   7   <    1  (59) 


which,  together  with  (56),  implies  Theorem  1. 

We  now  turn  to  the  proof  of  Theorem  3,  and 
restrict  c  to  lie  in  the  Interval  A  =  [p.  -5,  \i   +5]. 
On  this  interval  the  perturbation  operator  V  is 
clearly  continuous  in  c  so  that  for  all  sufficiently 
small  values  of  e  the  real  eigenvalue  v(c)  of  H 
obtained  by  Theorem  2  satisfies 

v(c)  =  \i  +   p(  e,c) 

where  p  is  continuous  in  c  and  uniformly  small. 
It  follows  that  the  equation 
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V  =  M-  -I-  p(  £,  V) 


has  a  solution  v  ( s)  In  A  for  all  sufficiently  small 
e.   Let  H( V  )  =  H  (e),  and  suppose  that  h  (  e)  is  a 
corresponding  eigenfunctlon,  so  that 


Hh=vh  0<e<e>0  (6o) 

o   o  o   o  o 


We  then  claim  that 


L^h  =  V  h* 
o    o  o 


Indeed,  by  the  definition  of  L  and  L  it  follows  that 


^(^)^o  =  ^o(^o)  =  ^^o  ^  f  ^AV    ^  Vo)  -  4V^K^ 


Lh   +  -^  I^?^H  h  )  -  I^^^h  ) 
o   V   25  '  o  o     23   o 


rfo  -  45'(^o'  -  4j'(ho) 


=  Lh 
o 


using  (60).   Thus  H  h   =  LLh  =  L  h   =  v  h   and  the 
°  00      o      000 


proof  of  Theorem  5  is  complete 
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6.   The  Spectrum  of  H. 

The  eigenvalue  problem  Hh  =  p-h  can  be  solved 
for  the  geometry  shown  in  Figure  2  by  standard  means 
and  we  omit  the  details  of  the  computations.   A 
complete  (in::^)  set  of  eigenf unctions  have  the 
following  form  (a  =  M-"  ) : 


h 


VV'i.   0  =  0-^,      X  >  1 


h  =  ^2  +  Vx  (x^g),   0  =  ^2,    a<x<l 
0  =  0^,      0«x<a. 


where,  in  terms  of  the  surface  harmonics  Y   (0,gC), 

mn  '^^' 


^3  =  S  '^'^  \n    '      ^J  =  -''*5 


fa  =  c  f  (x)  y^„ 

^  n     mn 

f  (x)  -  x'^fi  -^l"^  Sin  g  X  _  ,   ,n,  ^,n+y2\l    ir'  ^  ,       , 

n^^^-^^xdx^  X -  (-1)  (a)   7  Y_  j^_^^^^(ax) 


^1  - 


and 


.       n+1       „      n+1    r   -( 2n+l)^  ^ .,  -, 

A  =  a  — 2 —  >        B  =  -  — 2 —   '•'^2       +n+lj 
2n  +n  2n  +n 

, -,       n      -(n+1) 

n+1  a  -a 


„  2^   ■    f  (a) 
2n  +n       n 


The  characteristic  equation  determining  the  eigenvalue 
is  found  to  be 


(a^''+^-l)[n+l)  f^{a)  +  af^(a)]  =  (2n+l)  f  ^(  a  )  [a^'^^^+'^/n+l  ] 


(61) 


Each  finite  real  root  of  ( 6l )  provides  a  non- 
zero real  eigenvalue  (o,  of  H  having  multiplicity 
2n+l .   (There  are  2n+l  distinct  surface  harmonics 
of  order  n. )   Associated  with  each  order  n  there  is, 
moreover,  a  sequence  of  eigenvalues  ■<  \i   '^    ,    j  =  1,2,...( 
such  that  I  [i.    I  — >  0  as  j  — >  oo  and  \  \i        \    — »  0  as 
n  — )   CO,   If  we  restrict  attention  to  the  positive 
eigenvalues,  we  see  that  the  unperturbed  eigenf unc- 
tions of  the  present  theory  depend  upon  three  integer 
parameters,  two  which  determine  the  surface  harnnonic 
of  the  vacuum  field,  and  a  third  which  determines 
the  core  field.   There  should  also  be  added  a 
discrete  parameter  taking  values  +  1  which  specifies 
the  direction  of  the  lines  of  force,  if  it  is  assumed 
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that  the  solutions  are  renormallzed  to  have  core 

magnetic  energy  unity.   Finally,  associated  with 

the  dynamos  -q(-x)  (cf.  Section  1)  we  have  another 

similar  family  of  elgenfunctlons  of  H  associated 

with  the  negative  spectrum. 

The  above  results  are  easily  proved  from  ( 6l ) 

and  well  known  properties  of  the  spherical  Bessel 

functions  J^_^_  i/^i^^)  >    using  In  particular  the  lower 

bound  [(n  +  V2)(n+ 5/2)  ]  /^  for  the  smallest  positive 

zero.   If  we  let  a  — >  1  (a  limit  process  which  Is 

non-uniform  In  n  for  large  n),  we  see  from  ( 6l )  that 

the  eigenvalues  tend  to  the  zeros  of  J   -, ,     (  aa )  . 

n  +  -1/2 

An  Interesting  special  case  are  the  eigenvalues  for 

the  vacuum  dlpole  solutions,  obtained  by  setting 

n  =  1  in  (6l).   We  find  that  aa  satisfies  in  this  case 


tan  (aa)  =  2^ _  ,   ^(a)  .Ji-a^ 


l+b(a)(aa)^   '         ^  l+2a^ 


Thus  the  sequence  [i^-^'    satisfies 


<  A^^      ^  -fe  ^   J  =  1.2, 


(j+V2)7r     1      J^ 

The  maximum  positive  eigenvalue  of  H  is  thus  bounded 
above  by  ^/tt. 
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Combining  these  results  with  Theorems  2  and  3 
we  have  proved  Theorem  4:  In  a  spherical  conductor 
with  a  concentric  spherical  core,  for  each  positive 
eigenvalue  |a  of  H  there  exists  a  corresponding  real 

eigenvalue  A  of  L  provided  that  e   Is  sufficiently 

I  2   I 
small,  with  |A  -\i\    — »  0  as  e  — »  0.   The  same  can  be 

said  for  the  negative  eigenvalues  of  H  provided 

-q ( -x)    replaces  q(x)  In  L. 


7.   Remarks . 

In  this  report  we  have  discussed  the  magneto- 
hydrodynamlc  dynamo  problem  for  a  specific  class  of 
Incompressible  fluid  motions  In  a  spherical  core, 
defined  by  (1),  (2).   The  results  provide  a  strong 
affirmative  answer  to  the  basic  existence  problem  of 
the  kinematic  theory.   Our  operational  methods,  while 
basically  elementary,  are  somewhat  different  from 
other  analytic  formulations  of  the  dynamo  problem 
because  of  the  use  of  a  maximum  norm  on  C   rather 
than  the  inner  product  norm  on  ^  .   Such  an  approach 
seems  to  be  required  when  the  underlying  perturbational 
theory  is  based  upon  a  scale  separation  of  the  dominant 
velocity  and  electromagnetic  fields.   One  significant 
aspect  of  the  spectral  analysis  is  the  selection  of 
an  iterate  of  the  exact  induction  operator  L,  rather 
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2 

than  the  operator  itself,  for  study.   Thus,  while  L 

is  "close"  in  a  sense  to  H,  no  analogous  statement 
can  be  made  for  L,  and  indeed  it  seems  unlikely  that 
the  motions  (1)  can  lead  to  any  simple  comparison 
operator  for  L.   Physically,  the  reason  for  this 

distinction  can  be  traced  to  the  notion  of  "smoothing" 

2  1 

or  "averaging".   The  nearness  of  L  and  H  on  C   is  due 

to  the  fact  that  the  second  iteration  averages  out 

large,  rapid  oscillations  of  the  integrand  which 

occur  when  e  is  small.   If  L  is  written  as  the  product 

HS,  where  S  is  the  matrix  operator  (qx),  then  although 

2 
L  =  H(SHS),  we  cannot  deduce  from  our  results  that 

SHS  is  close  to  the  identity  operator  on  C  .   It  is 
unlikely  that  this  simpler  comparison,  which  omits 
the  final  averaging  induced  by  the  second  operation 
with  H,  can  replace  the  estimates  actually  utilized. 

There  are  some  immediate  extensions  of  these 
results.   It  can  be  shown  that  Theorems  1  and  2  hold 
under  the  following  weaker  conditions:  (i)  The  con- 
ductor is  a  closed  starlike  region  having  a  smooth 
boundary.   (li)   The  core  (which  may  have  several 
components)  is  orientable,  and  its  boundary  is  smooth 
and  lies  in  the  interior  of  the  conductor.   (ill)   The 
core  is  such  that  motions  of  the  form  (1),  (2)  exist, 
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I.e.  a  cut-off  function  co  can  be  constructed  analogous 
to  (2).   Theorem  3  then  follows  provided  the  operator 
H  has  a  real  eigenvalue  of  odd  multiplicity. 

It  is  also  possible  to  enlarge  the  class  of 
admissible  motions  q'.   It  is  sufficient  that  the 
periodic  part  v(x)  be  an  asymptotically  regenerative 
trigonometric  Beltrami  field  of  degree  2,  with 

Vxv*=  -  sgn  (|j,)v(x) 
Aq  =  sgn  { |j.)I 

(cf.  I).   This  can  be  shown  by  reconsidering  the 
estimate  on  LQ(cdv)  in  Section  4  for  the  general 
class  of  periodic  fields  admitted  in  I.   In  a 
similar  way,  it  is  possible  to  admit  motions  whose 
periodic  part  contains  a  "slow"  dependence  on  x 
(varying  on  a  length  scale  0(1)).   For  such  fields 
similar  theorems  apply,  but  the  operator  H  must  be 
replaced  by  an  operator  of  the  form  Hm(x)  where  m, 
which  describes  the  variation  on  the  large  scale  of 
the  limit  matrix  A   =  m(x)I,  is  assumed  to  be 
independent  of  e  and  continuously  diff erentiable 
in  S. 
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It  is  conjectured  that  the  restriction  that  S 
be  properly  contained  In  the  conductor,  and  the 
condition  that  w  =  0  on  B,  can  be  removed.   If  the 
core  fills  the  conductor  then  elgenfunctlon 
expansions  of  the  first  derivatives  of  the  magnetic 
field  do  not  converge  uniformly  on  B.   Also  In 
this  case  estimates  on  l^u    near  B  derived  In 
Section  4  must  be  revised.   However,  it  seems 
likely  that  these  are  technical  matters  which  can 
be  corrected,  with  the  result  that  existence  for 
arbitrary  cores  Inside  the  conductor  and 
arbitrary  w  vanishing  on  B  implies  existence  when 
core  and  conductor  coincide  and  w  satisfies  no 
more  than  a  tangency  condition  on  B. 

As  a  model  for  the  geomagnetic  dynamo,  the 
most  realistic  model  within  the  present  theory 
would  be  obtained  by  taking  a  to  be  very  close  to 
1.   In  this  case  a  thin  mantle  whose  conductivity 
is  the  same  as  the  core  fluid  might  model  the 
screening  effects  of  a  thick,  low-conductivity 
mantle.   The  effects  of  variable  (and  even  non- 
scalar)  conductivity  in  the  region  a  <  x  <  1 
could  actually  be  Incorporated  into  the  present 
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analysis  without  much  difficulty;  since  this  amounts 
essentially  only  to  a  modification  of  the  regular  parts 
F  ,  Q.  of  the  tensors  K  >  E-   Finally,  we  note  that 
the  presence  of  a  solid  concentric  spherical  body 
could  be  modeled  by  restricting  the  fluid  motion  to 
the  shell  0<b<x<a<l. 
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Figure  1 
Inversion  In  the  Unit  Sphere 


Figure  2 
Splitting  of  the  Domain  of  Integration 
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